We propose as an algebraic invariant for a simple 4-knot K with exterior X the triple (L; ; ]), where L = Z 2 (X) 3 (X) is a commutative graded ring with unit whose multiplication in positive degrees is determined by Whitehead product, is composition with the Hopf map and ] is the orbit of the homotopy class of the longitude in 4 (X) under the group of self homotopy equivalences of the universal covering space X 0 which induce the identity on L. If K is bred these invariants determine the bre, and the natural Z t; t ?1 ]-module structures on the homotopy groups capture part of the monodromy. Every such triple with L nitely generated as an abelian group (and satisfying the other obviously necessary conditions) may be realized by some bred simple 4-knot. In certain cases we can show that the triple determines the knot up to a nite ambiguity.
Introduction.
The algebraic classi cation of simple even-dimensional knots given by Farber depends on geometric topology in the metastable range, and does not include 2q-knots for q 3 Fa] . The nature of the invariant suggests that it may also su ce when q = 3. In the torsion free case Farber's invariant is equivalent to the F-form of Kearton Ke1] , and in the latter formulation the classi cation of torsion free simple 2q-knots extends to the case q = 3 HK]. However neither formulation is appropriate when q = 2, the case to be considered here.
Every knot is determined up to an ambiguity of order at most 2 by its exterior X. If the knot group is Z the exterior is determined up to homeomorphism by Typeset by A M S-T E X the homotopy type of the pair (X; @X) LS] . This is in turn determined by the homotopy type of the in nite cyclic covering (X 0 ; @X 0 ) and the conjugacy class of the meridian t (as a generator of Aut(X 0 =X) = Z) in the group of homotopy classes of self homotopy equivalences of (X 0 ; @X 0 ). We shall show that in the case of simple 4-knots whose Alexander polynomial satis es certain conditions such conjugacy classes can be characterized up to a nite ambiguity.
Let K be a simple 4-knot with (oriented) exterior X(K) and meridian t, and let i = i (X(K)) = i (X(K) 0 ) for i 2, considered as modules over = Z t; t ?1 ], the group ring of 1 (X(K)) = Z. We propose as an invariant for K the triple (L; ; ]) where L is a commutative graded ring with unit derived from the homotopy of the universal cover, truncated above 3 , the quadratic function : 2 ! 3 is given by composition with the Hopf map, and ] is the orbit of the longitude 2 4 under the group of self homotopy equivalences of X(K) 0 which induce the identity on 2 and 3 . The signi cant properties of such triples are listed in Theorem 1. This invariant determines the triple ( 2 ;&;`), where & is the \certain exact sequence" of J.H.C.Whitehead and`is the Farber-Levine pairing, which is part of the most direct analogue of the F-form in this dimension, but is better behaved with respect to knot sum (see Theorem 2).
Such a knot K is bred if and only if L 1 = 2 is nitely generated as an abelian group. The bre F is then determined up to homeomorphism by the group 2 alone, while the -module structure captures part of the monodromy action of the meridian. In Theorem 3 we show that every triple (L; ; ]) satisfying the conditions of Theorem 1 and with L 1 nitely generated as an abelian group may be realized as the triple of some bred simple knot. Using this theorem we show that there are bred simple 4-knots with L 1 free abelian and which have the same Farber quintuple but which are distinguished by the -module structure on L 2 = 3 . When we compare two bred simple 4-knots K andK we nd that we may realize an isomomorphism of their triples by a homeomorphism f between the bres. If 2 is torsion free the composed map t ?1 f ?1t f is homotopic to id F and so the exteriors X(K) and X(K) are homotopy equivalent. In general t ?1 f ?1t f lies in a nite subgroup of the group of self homotopy equivalences of the bre. If no root of the Alexander polynomial of K is a product of two other roots and no product of 2 or 4 roots is 1 then, modulo a nite ambiguity, we may nd a homotopy which respects the boundary and then apply LS] to show that the triple determines the exterior of the knot (Theorem 4). Although these results are encouraging, we do not yet know whether the triple is a complete invariant for bred simple 4-knots, nor to what extent it may su ce in the non bred cases.
Generalities on knots.
An n-knot is a locally at embedding K : S n ! S n+2 . If we assume that the spheres have been oriented once and for all, the knot is determined up to ambient isotopy by its image as an oriented submanifold. Composing K with with orientation reversing homeomorphisms of range or domain gives the re ected and inverted knots rK, K and ?K = rK . (See Chapter 1 of H]). The exterior of K is X(K) = S n+2 nintN, where N = S n D 2 is a product neighbourhood of the image of K, and the group of K is K = 1 (X(K)). The orientations of the spheres determine a conjugacy class of meridians, represented by the boundary of an oriented transverse disc, and hence an isomorphism K= K 0 = H 1 (X(K); Z) = Z.
The n-knot K is simple if K = Z and i (X(K) = 0 for 1 < i (n ? 1)=2.
Every n-knot bounds a parallelizable (n + 1)-dimensional submanifold of S n+1 ; such a submanifold V is called a Seifert hypersurface for K = @V . If K is simple then we may assume that V is (n?1)=2]-connected and that the natural homomorphism from (n+1)=2] (V ) to (n+1)=2] (X(K)) is injective Le1]. The knot K is bred if X(K) bres over S 1 , in which case the bre is a Seifert hypersurface for K. The exterior is then the mapping torus of the monodromy of the bre F, and its in nite cyclic covering space X(K) 0 is homeomorphic to F R. In general X(K) is homotopy equivalent to M(t) = X(K) 0 Z R, the mapping torus of the generator t of the group of covering transformations of X(K) 0 over X(K) corresponding to the meridian.
A knot K is re exive if it is determined by X(K) (as an oriented manifold) and the homology class of a meridian. In general a knot is determined by its exterior up to a \Gluck ambiguity" of order at most 2; all known examples of nonre exive knots have nonabelian groups. If there is a Seifert hypersurface V for K which admits an S 1 -action extending the standard rotation of @V = S n about an axis then K is re exive Gl].
The sum of two n-knots K 1 and K 2 may be de ned (up to isotopy) as the n-knot K 1 ]K 2 obtained as follows. Let D n ( ) denote the upper and lower hemispheres of S n . We may isotope K 1 and K 2 so that each
It is not hard to see that X(K 1 ]K 2 ) 0 X(K 1 ) 0 _ X(K 2 ) 0 ; in particular, the sum of two simple knots is again simple.
We shall write H (X(K); ) for H (X(K) 0 ; Z), considered as modules over = Z Z] = Z K= K 0 ] with respect to the natural action of the covering group on X(K) 0 . These are nitely generated as -modules; if K = Z then K is bred if and only if they are nitely generated as abelian groups BL]. If N is a -module the conjugate -module N has the same underlying abelian group and the -structure obtained by inverting the action of t. Let e(N) = Ext 1 (N; ). If N is a nitely generated -torsion module let N = N (t) be the characteristic polynomial for the action of t on N Q.
Invariants for simple 4-knots.
In order to de ne our invariant we shall rst establish some notation. isomorphism any such map f is a homotopy equivalence, for it is then a homology equivalence of 1-connected complexes. In particular, if (R; r) and (R;r) are two homotopy realizations of (L; ) then there is a homotopy equivalence f : R !R such that L(f)r =r, and f is determined up to composition with an element of the group G(R). Now let K be a simple 4-knot. Then X(K) 0 is 1-connected and so H s (X(K) 0 ; Z) = H s (X(K); ) = 0 for s 4, by Theorem 2.6 of Le2]. Therefore X(K) 0 is homotopy equivalent to a 1-connected 4-dimensional complex. Our invariant shall be formed from the pair (L(X(K) 0 ); X(K) 0 ), with the automorphism determined by the meridian, and the longitude of K, which is the element of 4 represented by the inclusion of @X(K) 0 = S 4 R into X(K) 0 . Before formulating the invariant precisely, we shall list the other relevant properties of the exterior and the longitude. Theorem 1. Let K be a simple 4-knot with longitude 2 4 . Then (i) 2 is nitely generated as a -module and (t ? 1) 2 = 2 ; (ii) (t ? 1) = 0; (iii) has suspension 0 in st 4 (X(K) 0 ); (iv) X(K) is homotopy equivalent to a nite 4-dimensional complex; and (v) the mapping torus of the self homotopy equivalence t of the pair (X(K) 0 ; ) is an orientable Poincar e duality pair of formal dimension 6.
Proof. The rst assertion is a well known consequence of the fact that X(K) is homotopy equivalent to a nite complex and has the homology of a circle Le2].
Moreover, (t ? 1) = 0 since @X(K) = S 4 S 1 . The longitude factors through the inclusion of @V = S 4 , where V is a Seifert hypersurface for K, and so has suspension 0 in the stable homotopy group st 4 (V ), by Lemma 2.1 of Su]. Hence it has image 0 in st 4 (X(K) 0 ) also. Since H 3 (X(K); ) is Z-torsion free, hence of projective dimension at most 1 over , while H s (X(K); ) is 0 if s 4, the exterior X(K) is homotopy equivalent to a nite 4-complex Wa]. The mapping torus of t is homotopy equivalent to the pair (X(K); @X(K)), and so is a Poincar e duality pair of formal dimension 6. // The longitude and meridian determine the orientation and the Poincar e duality isomorphism from H 3 (X(K); ) to e( 2 ) = Ext 1 (H 2 (X(K); ); ) and a nondegenerate skew-symmetric linking pairing`: T T ! Q=Z (on which the meridian t acts as an isometry) on the Z-torsion subgroup T of 2 , which is a nite -submodule (see Le2] ). The composition of the Poincar e duality isomorphism with the Hurewicz homomorphism from 3 (X(K)) to H 3 (X(K); ) = H 3 (X(K) 0 ; Z) gives an epimorphism ! : 3 ! e( 2 ). Together with the map : ?( 2 ) ! 3 described above this map gives an exact sequence &: 0 ! ?( 2 ) ! 3 ! e( 2 ) ! 0 which is essentially the \certain exact sequence" of J.H.C.Whitehead for X(K) 0 .
A homotopy triple q = (L; ; ]) consists of a pair (L; ) as above, with an automorphism t such that L 1 is nitely generated as a -module and (t?1)L 1 = L 1 , and the G(R)-orbit ] of an element of 4 (R) with suspension 0, for some homotopy realization (R; r) of (L; ). (Note that given two such homotopy realizations (R; r) and (R;r) there is a canonical bijection between G(R)-orbits in 4 (R) and G(R)-orbits in 4 (R), determined by any map f : R !R such that L(f)r =r. Note also that although the groups L i are -modules, L is not a -algebra). Given any such realization (R; r) there is a self homotopy equivalence of R such that L( )r = rt and is determined up to composition with an element of the group G(R). These ingredients must satisfy the further conditions of Theorem 1, namely, that there is such a self homotopy equivalence : R ! R realising t such that = and such that (M( ); S 1 ) is an oriented Poincar e duality pair of formal dimension 6. The latter condition implies that H 3 (R; Z) = e(L 1 ), as abelian groups. (Note that the choice of such a is not part of the invariant. In the next section we shall see that these conditions can be made more explicit when L 1 is nitely generated).
A sense that we use the orbits of the longitudes, rather than the longitudes themselves.
Note that although f and~ f induce the same homomorphisms from L toL, we do not claim that they are homotopic).
We shall take as our invariant for the simple 4-knot K the homotopy triple q(K) = (L(X(K) 0 ); X(K) 0 ; ]), with the -structure determined by the action of the meridian as a covering transformation on X(K) 0 , and where ] is the G(X(K) 0 )-orbit of the longitude. Any map f : X(K) 0 ! X(K) 0 inducing an isomorphism from q(K) to q(K) must be a homotopy equivalence. If ft t f then f determines a homotopy equivalence between the mapping tori X(K) ' M(t) and X(K) ' M(t).
(For instance, this is the case if G(X(K) 0 ) is trivial). However we need a homotopy equivalence of pairs in order to apply LS]. Consideration of the Postnikov tower for X(K) shows that there is a bijective correspondance between the set of homotopy classes of maps of S 4 S 1 ( = @X(K)) to X(K) which induce the meridian and longitude on 1 and 4 , respectively, and the group H 5 (S 4 S 1 ; 5 ), which is isomorphic to H 0 (S 4 S 1 ; 5 ) = Z 5 , by equivariant Poincar e duality. In the bred case to be discussed in the next section we shall approach the obstruction theoretic problem of identifying the inclusion of the boundary somewhat more directly. The space X(K) 0 is homotopy equivalent to a 3-dimensional complex if and only if H 3 (X(K) 0 ; Z) is free as an abelian group. As in any case H 3 (X(K) 0 ; Q) is nite dimensional, this is so if and only if H 3 (X(K) 0 ; Z) (or equivalently 2 ) is nitely generated, which we shall assume henceforth. With this assumption, the conditions on our invariant become more explicit. Let (L; ; ]) be a homotopy triple with L 1 nitely generated as an abelian group, and let (R; r) be a homotopy realization of (L; ). As the Poincar e duality condition implies that H 3 (R; Z) = e(L 1 ), as abelian groups, R is homotopy equivalent to a Lemma 2. Let F be a 1-connected 5-manifold with boundary @F = S 4 and g : F ! F a self homotopy equivalence such that gj @F = id @F and which is homotopic to id F . Then g is homotopic rel @F to a map = (1 _ )c, where c : F ! F _ S 5 collapses a 4-sphere bounding a disc in the interior of F and represents an element of 5 (F ).
Proof. We may write F = F N, where F is homeomorphic to F and N = @F ?1; 0] is a collar neighbourhood of the boundary @F = @F f0g. Now gj F is homotopic to the inclusion of F into F, and so by the HEP we may homotope g rel @F so that g = id F on F @F. The obstructions to homotoping g to the identity rel F @F lie in H (F; F @F; (F )) = H (@F 0; 1]; @F f0; 1g; (F )). As @F = S 4 , the sole obstruction is in the top dimensional group, which is isomorphic to 5 (F ). // Let K = 2 (t) be the Alexander polynomial of K.
Theorem 4. Let T = (L; ; ]) be a homotopy triple such that L 1 is nitely generated as an abelian group, no root of L1 is a product of two other roots and no product of 2 or 4 roots is 1. Then there are only nitely many distinct simple 4-knots K with this homotopy triple.
Proof. Let K be a simple 4-knot with homotopy triple T. Then K is bred, and the bre F is determined up to homeomorphism by 2 (X(K)) = L 1 . The homotopy class in F; F] of the monodromy is determined up to composition with an element of the nite group G(F) by the -module structure of L 1 and L 2 . Thus there are at most M = jG(F)j = jExt Z (L 1 ; L 2 )j such homotopy classes of possible monodromies.
Since F is rationally equivalent to a nite wedge of copies of S 2 and S 3 the rational homotopy Lie algebra ( F) Q is free on generators in degrees 1 and 2. (See Chapter XIII.B of GM]). Hence 5 (F ) Q is generated from 2 Q and 3 Q by Whitehead products. Each choice of monodromy determines -module structures on these homotopy groups. The Hurewicz homomorphism from 3 Q to e( 2 ) Q is a -epimorphism with kernel ( 2 2 ) Q. The eigenvalues for the action of t on this kernel are the pairwise products of the roots of K = L1 , while on the quotient e( 2 ) Q they are the inverses of such roots. Hence (t ? 1) 1 Q is injective on 5 (F ) Q if and only if no root of K is a product of two other roots and no product of 2 or 4 roots is 1. Since 5 (F ) is nitely generated as an abelian group the cokernel of (t ? 1) acting on 5 (F ) is then nite. Let N be the maximum of the orders of the quotients 5 (F )=(t ? 1) 5 Suppose that 1 and 2 have the same image in the nite group 5 (F )=(t ? 1) 5 (F ), say 1 ? 2 = (t ? 1) . Let g = f 2 f ?1 1 and = f 1 ( ). Then g ?1 2 g is homotopic rel @F to 1 (t?1) = 1 t ( ) ?1 = ( t ) ?1 1 t . Hence g( t ) ?1 1 is homotopic rel @F to 2 g( t ) ?1 . Since the exteriors are the mapping tori of the monodromies the map g( t ) ?1 gives rise to an orientation and meridian preserving homotopy equivalence of pairs from (X(K 1 ); @X(K 1 )) to (X(K 2 ); @X(K 2 )) and so K 1 and K 2 are equivalent, up to Gluck reconstruction LS].
In conclusion we see that there are at most 2MN distinct simple 2-knots with homotopy triple T. // The hypothesis on K is satis ed if 2 is nite, i.e., if K = 1, or if K = t 3 ? at 2 + (a + 1)t ? 1 is a cubic. (Note that if 2 is in nite then (t ? 1) 1 Q is de nitely not injective on 4 (F ) Q, for as e( 1) (t) = 2 (t ?1 ) the eigenvalues for the action of t on the subspace generated by the Whitehead products 2 ; 3 ] will include 1. In fact (t ? 1) = 0 in 4 and 6 = 0 unless the knot is trivial Sw]).
The torsion free case.
In this section we shall collect a few observations on the torsion free case, which is the next simplest after the bred case. If 2 is torsion free (i.e., T = 0) then it has projective dimension 1 as a -module, by Proposition 3.5 of Le2]. Hence the module of 2-boundaries B 2 in the chain complex of the universal cover X(K) 0 is projective, by Schanuel's lemma. This in turn implies that X(K) is a strongly Pontrjagin 4-complex, and so it should be possible to describe its homotopy type in terms of "invariants". (See pages 293-296 of B2]). If 2 is free abelian then the homotopy triple determines the homotopy type of X(K), as observed above.
Every such 4-knot has a 1-connected Seifert hypersurface with torsion free homology. As this hypersurface is parallelisable and has boundary S 4 , it is homeomorphic to a once-punctured connected sum of copies of S 2 S 3 Sm], and so admits S 1 -actions with nonempty, codimension-2 xed point set. Hence the knot is re exive.
The homotopy class of the inclusion of S 4 as the boundary of S 2 S 3 nintD 5 is the basic Whitehead product 2 ; 3 ]. Therefore lies in the subgroup 2 ; 3 ] of 4 generated from 2 and 3 by Whitehead products, and hence it is invariant under G(X(K) 0 ).
Let k be a simple 3-knot; then the spun knot k is a simple 4-knot, and 2 (X(k)) = 2 (X( k)), so k is torsion free. As X( k) ' (X(k) S 1 ) S 1 S 1 (S 1 D 2 ) Ke2] and projection onto the rst factor induces a retraction of the latter space onto X(k), the inclusion of ?( 2 ) into 3 (X( k)) splits over . Can every homotopy triple with L 1 free abelian and a split injection be realised by some spun bred 3-knot?
6. Comparison with other invariants.
The Farber quintuple (A; B; ;`; ) for a simple 2q-knot consists of -modules A = q and B = st q+2 (X(K) 0 ), a homomorphism : A=2A ! B induced by composition with the generator S q?2 ( S ) of q+2 (S q ) = Z=2Z, the Farber-Levine pairing`and a nonsingular (?1) q+1 -symmetric pairing : B B ! Z=4Z determined by Spanier-Whitehead duality. It is de ned for all q 2, and if q 4 it is a complete invariant for such knots. The F-form invariant is de ned only for torsion free simple 2q-knots with q 3 and is a complete invariant for such knots Ke1, HK]. It involves -modules H q = H q (X(K); ) and q+1 = q+1 (X(K) 0 ) (Z=2Z), the analogue of the certain exact sequence of Whitehead for the mod (2) Hurewicz homomorphism from q+1 to H q+1 (X(K); =2 ), and a nonsingular pairing on q+1 . The group q+1 (X(K) 0 ) (Z=2Z) is stable, and there is a homomorphism from q+1 (X(K) 0 ) (Z=2Z) to B induced by composition with the stable Hopf map. An application of the Atiyah-Hirzebruch spectral sequence for stable homotopy (using the fact that H q+2 (X(K) 0 ; R) = 0 for R = Z or Z=2Z) shows that this map is a monomorphism, with cokernel isomorphic to Tor Z ( q (X(K) 0 ); Z=2Z). In particular, it is an isomorphism if A has no 2-torsion, and the Farber quintuple is then equivalent to the module A together with the pairing`on T = torsA and an F-form on A=T.
The Farber quintuple is determined up to nite ambiguity by the module A = L 1 alone. On the other hand the ring L with its -module structure and the associated maps and ! are determined by the module L 1 together with the class of L 2 in Ext 1 (e(L 1 ); ?(L 1 )). If for instance L 1 = =( ) where = t 3 ? at 2 + (a + 1)t ? 1 then e(L 1 ) = =( ) and ?(L 1 ) has a submodule isomorphic to =( ), and hence this extension group is in nite. Moreover it is easy to see there are in nitely many distinct modules L 2 arising as such extensions, and by Theorem 3 they may all be realised by bred simple 4-knots. This su ces to show that the Farber quintuple does not determine the homotopy triple, and is not a complete invariant for these knots.
The module B and pairing are 0 if and only if A is 2-divisible, and then the Farber quintuple is equivalent to the -module A together with the pairing . In such cases the Farber quintuple of a simple 4-knot is determined by the homotopy triple. (In particular, if A = 2 is nite and of odd order both invariants reduce to the pairing`). Under the weaker assumption that 2 has no 2-torsion (i.e., that T has odd order) there are isomorphisms B = st nor do we see how this would enable us to strengthen Theorem 4.
When 2 is nite X(K) 0 ' M(T; 2) and the longitude is determined up to the action of a self homotopy equivalence which is the identity on the 2-skeleton by the pairing`on T = 2 , by Propositions 7.2 and 7.13 of St1]. (This uses the fact that has suspension 0). As 3 = ?(T ) each such self homotopy equivalence is in the group G(X(K) 0 ). Thus the homotopy triple is determined by`, and the knot is determined up to a nite ambiguity by the group T alone. By Theorem 3, every such Farber-Levine pairing is realizable by some bred simple 4-knot. (This also follows immediately from Theorem 2.2 of Bn]). The Farber-Levine pairing is a complete invariant for simple 2q-knots with q nite and of odd order, if q 4 Ko] .
